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Abstract 

The supersymmetric extension of the economical 3-3-1 model is presented. The 
constraint equations and the gauge boson identification establish a relation between 
the vacuum expectation values (VEVs) at the top and bottom elements of the Higgs 
triplet x an d its supersymmetric counterpart x' ■ Because of this relation, the exact 
diagonalization of neutral gauge boson sector has been performed. The gauge bosons 
and their associated Goldstone ones mix in the same way as in non-supersymmetric 
version. This is also correct in the case of gauginos. The eigenvalues and eigenstates 
in the Higgs sector are derived. The model contains a heavy neutral Higgs boson 
with mass equal to those of the neutral non-Hermitian gauge boson X° and a 
charged scalar with mass equal to those of the W boson in the standard model, 
i. e. m Qx = mw- This result is in good agreement with the present estimation: 
m H ± > 79.3 GeV, CL= 95 %. We also show that the boson sector and the fermion 
sector gain masses in the same way as in the non-supersymmetric case. 

Key words: Supersymmetric models, Extensions of electroweak Higgs sector, 
Supersymmetric partners of known particles 
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1 Introduction 



Recent neutrino experimental results [Tf2f3] establish the fact that neutrinos 
have masses and the standard model (SM) must be extended. The generation 
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of neutrino masses is an important issue in any realistic extension of the SM. 
In general, the values of these masses (of the order of, or less than, 1 eV) 
that are needed to explain all neutrino oscillation data are not enough to put 
strong constraints on model building. It means that several models can induce 
neutrino masses and mixing compatible with experimental data. So, instead 
of proposing models built just to explain the neutrino properties, it is more 
useful to consider what are the neutrino masses that are predicted in any 
particular model which has motivation other than the explanation of neutrino 
physics. 

The SM is exceedingly successful in describing leptons, quarks and their inter- 
actions. Nevertheless, the SM is not considered as the ultimate theory since 
neither the fundamental parameters, masses and couplings, nor the symmetry 
pattern are predicted. These elements are merely built into the model. Like- 
wise, the spontaneous electroweak symmetry breaking is simply parametrized 
by a single Higgs doublet field. 

Even though many aspects of the SM are experimentally supported to a very 
accuracy, the embedding of the model into a more general framework is to be 
expected. The argument is closely connected to the mechanism of the elec- 
troweak symmetry breaking. If the Higgs boson is light, the SM can naturally 
be embedded in a grand unified theory, the so called GUT. The large en- 
ergy gap between the low electroweak scale and the high GUT scale can be 
stabilized by supersymmetry. Supersymmetry actually provides the link be- 
tween the experimentally explored interactions at electroweak energy scales 
and physics at scales close to the Planck scale M p i ^ 10 19 GeV where gravity 
is important. 

On the other hand, the possibility of a gauge symmetry based on the following 
symmetry SU(3)c <E> SU(3)^ ® U(l)x (3-3-1) [HloTIB] is particularly interesting, 
because it explains some fundamental questions that are eluded in the SM. 
The main motivations to study this kind of model are: 

(1) The family number must be multiple of three; 

(2) It explains why sin 2 9 W < ~ is observed; 

(3) It solves the strong CP problem; 

(4) It is the simplest model that includes bileptons of both types: scalar and 
vectors ones; 

(5) The model has several sources of CP violation. 

In one of the 3-3-1 models [6] which is anomaly free, the particle content is 
given by 



5 In this article the notation is slightly different from those in Ref. [7]. 
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L aL = Oa, l a , <f L ~ (3, -1/3), U ~ (1, -1), a = 1, 2, 3, 

Qil = di, u') T L ~ (3, 1/3) , Q aL = (d a , -u a , d' a )1 ~ (3*, 0), a = 2, 3, 

u iR ~ (1, 2/3) , ~ (1, -1/3) , i = 1, 2, 3, 

u' R ~ (1,2/3), (1,-1/3), 

where the values in the parentheses denote quantum numbers based on the 
(SU(3)z,, U(l)x) symmetry. The exotic quarks v! and d' a in this case take the 
same electric charges as of the usual quarks, i.e., q u > = 2/3, q# = —1/3. The 
spontaneous symmetry breaking in this model is achieved by two Higgs scalar 
triplets only 

X = (x°i, X~, xtf ~ (3, -1/3) , p = (pf, p°, pt) T ~ (3, 2/3) (1) 

with all the neutral components x?> X2 anc i P° developing the vacuum expec- 
tation values. 

Such a scalar sector is minimal, and therefore it has been called the economical 
3-3-1 model [8 9J. In a series of papers, we have developed and proved that this 
non-supersymmetric version is consistent, realistic and very rich in physics. Let 
us remind some steps in the development: The general Higgs sector is very 
simple (economical) and consists of three physical scalars (two neutral and 
one charged) and eight Goldstone bosons - the needed number for massive 
gauge ones [ID] . In Refs. [TT1fT2"] . we have shown that the model under the 
consideration is realistic, by the mean that, at the one-loop level, all fermions 
gain consistent masses. In addition, the model contains a Majoron associated 
with Xi responsible for the Majorana masses of neutrinos. 

Supersymmetry (SUSY) that transforms fermions into bosons and vice versa 
is a leading candidate for physics beyond the SM [13] . The existence of such a 
non-trivial extension is highly constrained by theoretical principles. One of the 
motivations for supersymmetry is that it can help to understand the hierarchy 
problem. The supersymmetric version of the 3-3-1 model with right-handed 
neutrinos [B] has already been constructed in Refs. [T]m] . The neutrino masses 
in this case were studied in Ref . j!5j . and the proton instability was considered 
in Ref [16]. 

It was shown that [17], the 3-3-1 models are the first gauge ones containing 
the candidates for self-interaction dark matter (SIDM) [18] with the condition 
given by Spergel and Steinhardt [TH]. It was shown that [TD] the economical 
3-3-1 model does not furnish any candidate for SIDM. This directly relates 
to the scalar sector in which a significant number of fields and couplings is 
reduced (to compare, see Ref. [H])- With the larger field content, the su- 
persymmetric version of the model is expected to provide candidates for dark 
matter, particularly for the SIDM. 
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The aim of this work is to study the supersymmetric version of the economical 
3-3-1 model. 

The outline of this paper is as follows. In Sec. [2]we present a fermion and scalar 
content in the supersymmetric economical 3-3-1 model. The supersymmetric 
Lagrangian and breaking are given in Sec. [3J In Sections HI and M we deal 
with the gauge boson, fermion and Higgs sectors of the model. Finally, we 
summarize our results and make conclusions in the last section - Sec. UJ 



2 Particle content of supersymmetric economical 3-3-1 model 

To proceed further, the necessary features of the supersymmetric economical 
3-3-1 model [9] will be presented. The superfield content in this paper is defined 
in a standard way as follows 

F=(F,F), S={S,S), V — (X,V), (2) 

where the components F, S and V stand for the fermion, scalar and vector 
fields of the economical 3-3-1 model while their superpartners are denoted as 
F, S and A, respectively [T3"fT] . 

The superfields for the leptons under the 3-3-1 gauge group transform as 

laL = (V a , la, ^ ~ (1, 3, -1/3), f aL ~ (1, 1, 1), (3) 

where v c L = (Vr) c and a = 1, 2, 3 is a generation index. 

It is worth mentioning that, in the economical version the first generation of 
quarks should be different from others [TT] . The superfields for the left-handed 
quarks of the first generation are in triplets 

Q 1L = (ui, d l7 u') T L -(3,3,1/3), (4) 

where the right-handed singlet counterparts are given by 

u c 1Ll u't ~ (3*, 1, -2/3), d c 1L ~ (3*, 1, 1/3). (5) 

Conversely, the superfields for the last two generations transform as antitriplets 
QaL = (d a , —u a , d'a) 1 ^ ~ (3, 3*, 0), « = 2, 3, (6) 
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where the right-handed counterparts are in singlets 

u c aL ~ (3* , 1, -2/3) , d c aL , d': L ~ (3*, 1, 1/3) . (7) 



The primes superscript on usual quark types {v! with the electric charge q u > = 
2/3 and d! with = —1/3) indicate that those quarks are exotic ones. The 
mentioned fermion content, which belongs to that of the 3-3-1 model with 
right-handed neutrinos [BTI9"] is, of course, free from anomaly. 

The two superfields x and p are at least introduced to span the scalar sector 
of the economical 3-3-1 model 1 1 1 : 



X=(x?,r,X2) T ~(M,-l/3), (8) 
p=(p+ p°,p+) r ~ (1,3,2/3). (9) 

To cancel the chiral anomalies of Higgsino sector, the two extra superfields x' 
and p must be added as follows 



X =(x / 1 °,X /+ ,X / 2 °) T ~(l,3M/3), (10) 

/ \ T 

w / -~t- x 



ff=[fc, ~ (1,3*, -2/3). (11) 

In this model, the SU(3)l <8> U(l)x gauge group is broken via two steps: 

SU(3) L ® U(l) x ^ SU(2) L ® U(l) y V '^T' U(1) Q , (12) 

where the VEVs are defined by 

V2( X f = (u, 0, w) , V2( X ') T = (u\ 0, w') , (13) 
V2(p) T = (0, v, 0) , V2(p') T = (0, v', 0) . (14) 

The VEVs w and w' are responsible for the first step of the symmetry breaking 
while u, u' and v, v' are for the second one. Therefore, they have to satisfy 
the constraints: 

u, u' , v, v' w, w' . (15) 



The vector superfields V c , V and V' containing the usual gauge bosons are, 
respectively, associated with the SU(3)c, SU(3)l and U(l)x group factors. 
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The colour and flavour vector superfields have expansions in the Gell-Mann 
matrix bases T a = X a /2 (a = 1, 2, 8) as follows 



V c = l -\ a V ca , V c = - l -\ a *V ca - V= l -\ a V a , V = - l -\ a *V a , (16) 

where an overbar ~~ indicates complex conjugation. For the vector superfield 
associated with U(l)x, we normalize as follows 

XV' = (XT 9 )B, T 9 = -^=diag(l,l,l). (17) 



In the following, we are denoting the gluons by g a and their respective gluino 
partners by A", with a = 1, . . . , 8. In the electroweak sector, V a and B stand 
for the SU(3)l and U(l)x gauge bosons with their gaugino partners Ay and 
Xb, respectively. 



3 Lagrangian 

With the superfields given above, we can now construct the supersymmetric 
economical 3-3-1 model containing the Lagrangians: C susy + C so ft, where the 
first term is supersymmetric part, whereas the last term breaks explicitly the 
super symmetry. 

3.1 Supersymmetric Lagrangian 

The supersymmetric Lagrangian can be decomposed into four relevant parts 

£susy t~-gauge ~\~ ^lepton ~t~ £quark ~\~ ^scalar- (18) 

The first term has the form 

Cgauge = \ J #8 W ca W ca + \j ^6 W a W a + \ J (POWW 

+ \J d 2 6 W ca W ca + \J d 2 6 W a W a + | J d 2 m'W, (19) 

where the chiral superfields W c , W and W are defined by 
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W cC = DDe- 29s% D c e 29s% , 

&9s 



1 



W c = DDe' 2gV D c e 2gV 

89 

1 ^ = 
4 



W C = - 7 DDD C V\ C = 1,2, 



(20) 



with the gauge couplings g s , g and g' respective to SU(3)c, SU(3) l and U(l)x- 
The and are the chiral covariant derivatives of SUSY algebra as pre- 
sented in [TBI. 



The second and third terms are given by 



C 



lepton 



dW 



J rp 2(gV-^V')f , f 2g'V'j 



and 



■'quark 



Finally, the last term can be written as 



(21) 



(22) 



C 



scalar 



+ ^M-D^Vl + f ld 2 ew+H.< 



" 'X 
(23) 



with 



W 



W2 w 

2 3 ' 



(24) 



where 



W 2 = HOaLaLX + HxXX' + PpPp' , 



(25) 



and 



W 3 = XlabLaLp'lbL + -W-^aLXP + hab^L aL L bL p 
+ KliQlLX'u C iL + k'xQilX'Ul + K 2i QlLpd C iL 
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(26) 



The coefficients no a , /i p and /i x have mass dimension, while all coefficients in 
W3 are dimensionless. 

To find interactions contained in the supersymmetric Lagrangian, we first 
obtain all the kinetic terms [T3j : 



Ckinetic = (D» X ) + DnX + {D»p) + Drf + {D»Q aL ) + D u Q aL 

+ (D»xVD, X ' + (D»p')+D,p' + (D^Q 1L )+D,Q 1L 

+ (D»L aL )+D,L aL + (Dfd^+D^ + {D»u\ L Y D Xp u\ L 

+ {Dtu'l) + D^u' c L + {D^ L ) + D l ^ L + iL aL a»D,L aL 

+iQ 1L &'D lt Q 1L + iQaL^DfiQaL + iT aL a^D lf ,l c aL 

+in° iL a^D llJr u c iL + id^D^d^ + iu'^D^u'l + iT aL a»D la d'* L 

—-jp^F —-W^F —-F^F +£ 4- Cu ■ L27) 

^ ca cafiu < x a a i LV ^ ^ u ' ^gaugmo ~ *~ , Higgsinos\' u ' J 



Dfx = d n + igT a V aa + ig'XT 9 B a , D^ = d^- igT a *V aa + ig'XT^B^ 
D lfl = d, + tg'XT'B,, D°X a c = d u X a c - g s f ab %X c c , 



where 



C gaugino = iK^D^Xl + iX a v a^X a v + iX B o»d,X B , 
£mggsinos = ipa^D^p + ixa^D^x + ipa^D^p' + ix'o-^D^x'- 



(28) 



Here, the covariant derivatives are defined by 



= d,X a y - 



gf ab XK 



(29) 



The relevant interactions are therefore given by [T3] : 



interaction 




qqV 



where 
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9 T 



9' 



1 



9' 7c_-„ 



^La»X a LV* - ( -- ) La^LB^ - ^=l c oH c B^ 



W 
2 



+ 



d fl LX a L - LX a d^L 

- (d^LL - Ld»L) + (dnr - IVz" 



ig 



B 



(J- 



(L\ a L\ a v - LX a LX a v 



(lL\ b - LLXb) + (lTX B - ll c X 



g 2 V^V b ^LX a X b L + —g' 2 V^li 

— I 



2 /2 
3V3 



gg'V«B»LX a L 



J2 



+ 9 —b»bJi\ 



9s 



(Q^X a Qi - u?a"A*X - d^A*X c - m ,c <^A* V c 



4 C ^A*% C ) g;-l (Q 1 ^X a Q 1 - Q a ^X* a Q a ) V; - JL 



Bp, 



l -f (d^Q^Q, - QiX'&Qi - d^X 



+ u-X* a d^ - d»d,:X* a d" + d,X* a d^d'r 



- d»u c X* a u' c + u c X* a d"u' c - d^d X* a d'S + d d X* a d^d'S ) g 



-Jc 



-Jc 



*a jlc \ „a 



+f (><?iA a gi - Q.x^q, - d»Q a x* a Q a + Q a x* a d»Q a ) v; 



+ 



ig 

V6 



7T (d^OlQl - Ql&Ql 



f - ( Pdifi - d^d'r )+-[ d^dpd'l - dp&dp 



-Jc ~ ~Jc 



ilc 



B 



111 



V2 



(QiX a Qi 



U?A*°# - d'rX^d'r - u' c X* a u' c - d'$X* a d'Z) K 



- ( QXQi ~ 6° A*X - J^di - u c X* a u ,c - T X* a d!$ ) A 



(QiX a Qi — Q a X* a Qo^ X v — (QiX a Qi — Q a X* a Q a ^j X v 
(\QiQi - \u\u\ + \d\d\ - 2 -^u' c + l -d'$d>$) X B 
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Afff 



-UH 



-qqH ■ 



1 ~ 2 - 1 



QiX a X b Qi + uiX^X^ul + ^A*°A*V 



c \*a \ *b~c 



+ -u A Am + a^A A ctg) 



a bii 

9^9 



+ 9 Z 
2 

+ -q 

3 y 



Q a X* a X* b Q a + g^A^ 



V 



/2 



i ) QiQi + ( ) u c iu 



~ ] d id i 



-2 



2 2 



+ 2^ QiA-A^i - g Q A a A* b g Q 9lV b ' i + -J-gg , Q 1 X a Q 1 V^B' i 



+ 2 
+ 



QiA°Qi + 



2 ^ u c i X a u c i + 



3 V 3 
1 
3 



1\ ^ 



« C A V c + 



1 \ 



<3 M , 



r 

HHV ~ •- 



w_ 

V2 



}X a pX a v - pX a pXy + iX a X X a v - xX a xX a v - pX* a p'X a 



V 



+ p'X* a p'X a v - xX* a x'X a v + x'x* a x'x° A] 

1 1 - 

o (xxAs - XXAs) + - (x x'Xb - XX X B ) 



w 

2 2 
+ 3 (ppA B - ppX B ) - - (pp'Xb - p'p'Xb) 

-y (LpT + Lp~r) - ^ (LpZ + LpL) , 

■-±IAV-±LLp, 

-y + pLx) ; Ahh = -yxp£, 

K-tU C Q a p + K 3 U C Q a p + K4aidiQaX + ^afS^QaX 

+K li u c i Q 1 x' + <m' c Qix' + KudlQ-tp' + k'^Qxp 1 
1 

~3 



k 3c 



(QaXdi + XdtQa) + K 4a/3 (QaXd'p + 

+k u (Qix '«< + x'<<5i) + «i (Qix' «' c + x'u'Vi 

+k 2i (Q^p'dl + p'dtQ^ + k' 2/3 (Qip'd£ + p'd'^) 
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1 



r - = - 



fiQQQ + f i (d c d' c u c + cf d ,c u c + d c d 
+6 (d c d /c w /c + d c d' c u' c + d c d' c u' c 

+£3 ((f cf + d C d C U C + d C d C U C ) 

+£ 4 (d c d c u' c + d c d c u' c + d c d c u' c ) 
+£ 5 (d' c d' c u c + + d' c d' c u c 

+£ 6 (dV C u' C + d W C + d' C d' C u' C 



,c u c 



(30) 



The scalar potential V sca i ar has a form 



Vscalar — Vf+Vd- 



(31) 



To find Vf and Vd, using firstly the Euler-Lagrangian equations for the aux- 
iliary fields, we obtain 



and 



2 2 



2 2 



(32) 



£ 

2 

"V6 



ptA> + x t A a x -p't A *V- x 't A * V 



t 1 /+ / ^ t /+ / 



3" /v 3" n 3' ' 3 
The scalar potential is therefore given by 

Vscaiar = \ (^"^ + DD) + \F x f + \F p \ 2 + \F^ + \F' p 



(33) 



(34) 



3.2 The soft term 



With the help of [20], the most general soft supersymmetry-breaking terms, 
which do not induce quadratic divergences can be obtained. Such terms, in 
general, can be categorized as follows: (i) A scalar field A with the mass term 



- m 2 A j A; 



(35) 
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(ii) A gaugino A with the mass terms 
-^(M x \ a \ a + H.c); 



(36) 



(iii) Finally, trilinear scalar couplings have the forms 

e^AiAjAk + H.c. (37) 

In this model, the soft terms are given by 

£-soft = C'GMT + C-TJalar + &SMT, (38) 

where 

rsoft 2 t 2 t 2 If I 2 If I /on\ 

^scalar = ~ m pP P ~ m x XX ~ ™ P >P V - T X , (39) 

and 

- C-smt = m 2 aL L aL L aL + m 2 J c J L l aL + m 2 Q1L Q 1L QiL + rn 2 QaLi Q aL Q aL 

+™lfi C i L u c iL + m 2 d .df L d c iL + m 2 u ,u'tu' c L + m 2 d ,d' c L d' c L + M' 2 x ] L aL 

+£labL a Lp'l C Lb + ^la^ahXQ + ^Zab^aL^bhP + QuQilX'^l 

+ QlQlLXU' iL + Q2aiQaLPU C iL + QlaQahPU'h + QZiQ\hP ' d° iL 

+ Q3iQlLp'd' L + QiaiQaLX^iL + QAapQaLXd' f}L 

+ 05af3yQ aLQ (JlQjL + ^lift'^iL^'^L^jL + K 2ipd° L d' pjU' L 

+ K 3ijkd~i L d'j L U C kL + K4ikdi L d C j L u' L + Ksafiid' a jdl ' pL^iL 

^K&afid' a^d' p L u' L + K7aajL a LQaLdjL + ^aafi^ 1 ahQ ahd' ' ^ 

+H.c. (40) 
in order to give appropriate masses to the sfermions. 
Finally, the Lagrangian Cqmt has the same form given in [7] 

£gmt = -~K c E (A*Af) +m x J2( x v*v) + m'X B X B + H.c.}. (41) 

Z b=l 6=1 

This part gives masses for the superpartners of gauge bosons. 
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4 Gauge bosons 

In the section we will prove that in order to eliminate linear terms in 
the Higgs potential, one obtains a matching condition u/w = u'/w'. In the 
following the notation, 

u u' , 4 . 

t e = - = - 42 
w w' 

is therefore used, where sg = sin 9, tg = tan 9, and so forth. 
The mass Lagrangian for the gauge bosons can be obtained by 




(43) 



Let us define the charged gauge bosons as follows 



7± _ 



1 



■i± _ 



1 



(44) 




V2 



V2 



The mass matrix of the W' and Y!. is obtained then 




(45) 



where 



= ™ + = tgW 2 , t = g'/g. 



U 2 =u 2 + u' 
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t 2 gW 2 , 



(46) 



13 



This matrix gives the eigenstates which are, respectively, the SM-like W and 
new gauge boson Y ± : 



(47) 



with the respective eigenvalues: 



m 2 — — V 2 
w ~ 4 ' 



Y 



— (v 2 + u 2 + w 2 

4 \ 



(4* 



Therefore, the 9 is the mixing angle of W' — Y', which is the same as in the case 
of non-supersymmetric model [9]. Because of the constraint (TT5l) . the mass of 
W boson is identified with those of the SM, that is 



Vv 2 + v 



12 



v weak = 246 GeV. 



(49) 



For the remaining gauge vectors (V3,V8,-B,V4,V5), the mass matrix in this 
basis is given by 



/ S/T2 



M- 



neutral 



\ 



M 2 ■ ■ 

mixing " 

M 2 5 



where V5 is decoupled with the mass 



(50) 



n 

My 5 = J (W 2 + U' 



(51) 



while the mixing part M^ ia . infl of (V3, V§, B, V4) is equal to 



(u 2 + V 2 ^ (U 2 - V 2 ) 



g_ 

4 



-^(U 2 + 2V 2 ) 



2t z 
27 



(AV 2 + U 2 + W 2 



K 



\ 



(V 2 + U 2 + AW 2 ) & (2V 2 + 2W 2 - U 2 ) -\K 



\ 



V3 J 

V-K 

3^ 

u 2 + w 2 



(52) 



As in the non-supersymmetric version, it can be checked that the matrix (1521) 
contains two exact eigenvalues, the photon and new VL ~ V^, such as 



M 2 = 0, 



n 



(53) 
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Due to the fact that VI and V5 gain the same mass [cf. (|53|) and (!5T|) ]. it is 
worth noting that these boson vectors have to be combined to produce the 
following physical state [H] 



(54) 



with the mass 

m 2 x = 9 -^(U 2 + W 2 ). 



(55) 



To look for eigenstates corresponding to eigenvalues in (1531) . we will separate 
the square mass matrix f)52p into two parts such as 



Ml 



mixing 



Ml + Mj, 



(56) 



with 



/ u 2 + v 2 -j=( u 2 -v 2 ) 



Ml 



2 = 9_ 
' A 



V 



uw 



\ {v 2 + u 2 + Aw 2 ) ^ (2v 2 + 2w 2 - u 2 ) 



uw 



(Av 2 + u 2 + w 2 ) ~^uw 
u 2 + w 2 J 



(57) 



and M| equal to 



( u' 2 + v' 2 



9_ 

4 



3 



v 2 ' + u 2 ' + Aw 2 ') & (2v' 2 + 2w 
f (Av 



21 - u 2 ') 



21 1 u 2 ' + w 2 ') 



\ 



u'w' 



u 2 ' + w 2 ' 



.(5S 



It is easy to realize that Mj 2 and Mf have the same form as in non-supersymmetric 
version in Ref. [9]. Therefore and M 2 , respectively, contain the two eigen- 
values as follows 



Ai = 0, \ 2 = 9 -(u 2 + 
Ai = 0, A' 2 = ^(/ 2 + 



it) 



w 



(59) 
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This means also that the matrix M^ ixing contains a massless eigenstate cor- 
responding to the photon [2T] 



A 



V18 + 4t 2 



>/3i, 3^, • 



(60) 



Before seeking the eigenstate of M{>,, we note that the eigenstates according 
to eigenvalues A 2 and A' 2 are, respectively, given by 



Va 



1 



IT 

411X2 ~ V1 + 4A 2 

V^ /T = 1 
4 ^ VI + 4 A' 2 



A, v^A, 0,1), A = 
A', v^A', 0, 1 ), A 



2mo 

9 9 ' 

2u'w' 



w' 2 — u' 2 



Because of the condition ( 1421) . we get a beautiful result 

1 



v' T - v' T - v' T 



t26, V^26>, 0, 1 



(61) 



'1 + 4t 2 e 

These results are the same as in Ref. [9] of the non-supersymmetric version. 
The eigenvectors and VL can be rewritten as follows 



An = S W V 3 n + C W 



he 



t 2 



1 + 4t 2 



26 



l + At 2 



26 



l + At 2 



-Vi 



(62) 
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where s\y = sin 9 W = y3t 2 /(18 + 4t 2 ) [21]. Further, let us define two gauge 
vectors 



3 J B ^ 



Vr, 



(63) 



which are orthogonal to A M . To look for two last eigenstates, we will use the 
argument in [9] to define 



Zip — ce'Z^ — Sqi 



t e >j4c 2 w - 1Z' + Jl- t 2 , (4c 2 w - 1)V 4 
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XL = v 1 - l l ( Ac w - l ) z 'a - - 



(64) 



where sg> = *2fl/cw/'\A + 4%. Then, in the base of lA^,Z lfl ,Z[VL), the 



squared- mass matrix M 2 eutral becomes 



m; 



/2 

neutral 






"4^ 



m 



Z 1 Z[ 



rrir 









(65) 



f(W 2 + U 2 ) ) 



with 



rrir 



m 



9 

x 



(l + 34) u 2 + (l + 4tj e ) V 2 -t 2 2d W 

{4 [^ + (3-4^) 

+ (3 - 4s 



1 + 4*2 



C 2 W 



U 2 - V 2 



3 -4s 



/{[c^ + (3-4s^)* 



4^3-4^ 



c 2 w + (3 



£/ 2 + 1/ 2 



+ 

x 



44, + (l + 4c 2 ,,) (3 - As 2 w ) t 2 2d ] W 2 } 



{4(3 



4s 



11/ 



c 2 w + (3 -4s 



)4]} 



-1 



4s 2 I / 2 



(66) 



The elements of this matrix have the same form as of non-supersymmetric ver- 
sion [9], where the results are obtained with replacement of u, v, w by U, V, W. 
The last two eigenstates and masses of the neutral gauge bosons are given as 
in [S]. 



To finish this section, we mention again that the matrix of neutral gauge boson 
mixing is separated into two terms and one of them is the same as in the non- 
supersymmetric version. Because of the relation among the VEVs uj, to' and 
u, u', the exact diagonalization was easily performed. Here, the gauge boson 
identification is the same as in non-supersymmetric case. This means that the 
imaginary part of the non-Hermitian bilepton X° is decoupled, while its real 
part has the mixing among the neutral Hermitian gauge bosons such as, the 
photon, the neutral Z and the extra Z' . 
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5 Lepton and quark sectors 



As in Ref . [T5] . the R-charge is chosen as follows 



n L = ni = n p = n p , = 0, 

1 1 

n Ql =n u = TV = 2' n Q* = n d = n d> = --, 

n x = l, n x , = -1. (67) 
The terms of the superpotential with respect to this R-parity are given by 



W = y XX + ypp + - [XlabL a LP% L + \ 3a btL aL L bL p 

+ KliQlLX'UiL + k'iQilXu[ + K 2 iQlLpd C iL + ^ 2a QlLP d'aL 



5.1 Charged Lepton Masses. 



From the superpotential given in Eq. f[68|) . it is easy to see that the charged 
leptons gain mass only from the term 

- h± LaLp T hL + H.c. (69) 



We therefore get mass terms 

-^f (laLl C bL + laJ C bL )^. (70) 

This mass term can now be rewritten in terms of a 3 x 3 matrix X; as follows. 
Defining the following two column vectors 

(^PtY = ( l\ L l c 2L l c 3L ) , (Af = ( llL hi hi ) > (71) 



we can rewrite our mass term as 

-C = {^) T X^t + H.c. (72) 



18 



with 



V2 



Am A112 A113 
3 3 3 

A121 A122 A123 
3 3 3 

A131 A 132 A13; 

3 3 3 



(73) 



/ 



Notice that only VEV of p' is enough to give the charged leptons masses. 
In order to get the mass eigenstates we perform the following rotation 



lr = Ul^T) 3 , i,j = 1, 2, 3, 
where V 1 , U l are unitary matrices such that 

17 T (Mite 1+ 



(74) 



(75) 



Here A4i is a diagonal matrix with real nonnegative entries 
{M l ) ij = [{U l )*X l (V l )% j =m li 8 ij . 



(76) 



The charged leptons U are defined such that their absolute masses increase 
with increasing %. 

We have verified that all the charged leptons get mass which are the same as 
in the usual cases |22|. 



5.2 Neutral Lepton Masses 



Neutrinos get masses from the term 
- ^-L aL L bL p + H.c, 



(77) 



which gives us 



(7f 
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This mass term can now be rewritten in terms of a 6 x 6 matrix X v by defining 
the following column vector 



V\L V2L VZL V{ L v lh 



(79) 



Now we can rewrite our mass term as 
1 



-L 



i^yx^ + H.c 



(80) 



with 



X„ 



v 

72 



( G 21 G 31 \ 
G 12 G 32 
Ci 3 G 23 
G 12 G 13 
G 21 G 23 

\G 31 G32 j 



(81) 



where 



Gab — ~ (^3ab ~ ^3ba) ■ 



(82) 



Due to the fact that the above matrix is symmetric, we need only one rotation 



where is an unitary matrix such that 

U°/(vn T (vrMv u yv^° u . 

Z - v v ^ — v — ' 



(83) 



(84) 



Here M. v is a diagonal matrix with real nonnegative entries 
(M v )ij = \(VyX u (V»)% = m Ui 5 ir 



(85) 



As before, the neutral leptons z/j are defined such that their absolute masses 
increase with increasing i. Due to the fact that G a b = —Gb a , the mass pattern 
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of this sector is 0, 0, m v , m v , m v , m u , where \[2m v = vyG 31 + G 32 + G 21 . 
Noting that this mass spectrum is the same as of the non-supersymmetric 
version. The quantum corrections at one loop level can be constructed as in 
[T2] (see also [23]). This provides a realistic mass spectrum for the neutrinos. 



5.3 Masses of Up Quarks and Down Quarks 



The Yukawa couplings responsible for the masses of the up quarks can be 
obtained by 



- g[«nQiL<iX' + k'iQilu'Ix' + K 3a iQ aL u c iL p + K 3a Q aL u'lp\ + H.c. (86) 

This mass term can now be rewritten in terms of a 4 x 4 matrix X u as follows. 
Defining following two column vectors 

(*Pu) T = OlL> U 2L, U 3L , U' L ) , {lj)~) T = (U C IL , U C 2L , U° 3L , u'l) , (87) 



we can rewrite our mass term as 
-£ = ^-) T X u ^ + H.c. 

with 



1 K n u' Ki 2 u' 



3V2 



K 13 U K X U 



-K321V ~K 322 V -K 32 3V -K 32 V 
-K331V ~K 332 V ~K 333 V -K 33 V 
\ KiiUl' Ki 2 W f Kl3W f K^w' J 



19) 



It is easily to see that the first row and the last row in the mass matrix 
(1891) are proportional. This means that we obtain one massless particle in the 
mass spectrum of the up quarks. This problem is the same as in the non- 
supersymmetric version [TTj . 

Similarly, the Yukawa couplings for the the down-quark masses are given by 

- ^2iQlLd C iL p' + K' 2(3 Q lL d'^ L p' + K 4ai Q aL d C iL X + d± a pQaLd'p L x\ + H@0) 

Defining the two column vectors 
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i'tPd) 7 ' — {^ILi ^2Li <^3L; ^2Li ^3l) ) 

(^d) T = (^iL, dat, ^3L, d' 2L , d' 3L ), (91) 



we can write mass term ( l90i) in the form 

-C = (^) T X d ^ + H.c. (92) 



with 



3^ 



' «2lf' K 22 v' K 23 v' K' 22 V' K' 23 V' ^ 

k A2 \U k 422 u k 423 u n' i22 u n' i23 u 

^431« «432M ^433^ «432 M K 433 u 

K 42 iW K 422 W K 423 W K' 422 W K' 423 W 

y K431W K 432 W K433W ^432 w K 433 W / 



(93) 



In the mass matrix (|9"31 . the second and the fourth rows are proportional; the 
third and the last rows are proportional too. Therefore, this matrix contains 
two massless particles which are the same as in Ref. [TT] . 

The masslessness of one up-quark and two down-quarks calls for radiative 
corrections. One- loop contributions can be obtained similarly to [TT]. We can 
therefore check that the quarks get consistent masses at this level. 



6 Higgs sector 



As mentioned above, in Eqs. (jMj) and (1391 . the supersymmetric Higgs potential 
can be written as 



susyeco — ^scalar + V so fti 

2 2 

(\ |2 1 I /|2\ . P'p (\ |2 . I /|2\ 

= f (Ixl +1x1 ) + -f [\p\ +\p\) 

9' 2 ( 1 t 1 /t / 2 t 2 /t A 2 

+ ^(--^x + - 3 x'W + -/p-- 3 p«p>) 

n 2 

+~^\Xi\jXj — Xi A ijXj + Pi\jPj - Pi A ijPj) > 

+m 2 p p ] p + m^x f x + m 2 p ,p' ] p' + ra^x'V- (94) 



To look for mass spectrum of Higgs fields, we have to expand them around 
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the VEVs as 



V T _ ( u+Si+iAi - w+S 2 +iA 2 
A \ /7t j A 



V2 



Pi i ^2 i P2 } i 



y,' T — ( u'+S 3 +iA 3 _/f w'+5 4 +»A 4 ] n' T = ( n'~ v'+Se+iAe J- \ (QK) 

x ~\ 73 ?X ' 73 y ' p V Pl > 73 'P2 y • ^ 



For the sake of simplicity, here we assume that the VEVs u, u', v, v', w and 
w' are real. This means that the CP violation through the scalar exchanges is 
not considered in this work. 

Returning to Eq. (1941) . by requirement of vanishing the linear terms in fields, 
we get, at the tree level approximation, the following constraint equations 



Pi + 2 ™l 



A + 2 ™l : 



54 
I 

6 



2 /2 1 2 12 1 o ( 12 2 

w — w + u — u + 2 ( v — v 

o ( 2 12 1 2 /2 \ 1 /2 

2 [U — U +W — W ) + V — V 



2g" + V 
54 



n ( 2 2i\ 1 2/ 2 1 /2 5 

2 !) -!) +«) — W + M — It 



(96) 
(97) 



m 2 x + m 2 x , + fi 2 x = 0, 



m 2 p + m 2 p , + n 2 p = 0, 



/ 2 2\ / / ( 12 I2\ 

[W — U \UW = \ W — U J UW. 



(98) 
(99) 
(100) 



It is noteworthy that Eq. (11001) implies the matching condition previously 
mentioned in (j4"2"l) . Consequently, the model contains a pair of Higgs triplet x 
and antitriplet x' with the VEVs in top and bottom elements governed by the 
relation: u/w = u'/w'. 



The squared-mass matrix derived from (19~4"1) can be divided into (6 x 6) matrices 
respective to the charged, scalar and pseudoscalar bosons. Note that there is 
no mixing among the scalar and pseudoscalar bosons. We consider, first, in 
the case of the pseudoscalar bosons. There are two massless particles, namely, 
A^,Aq. Four others are mixing in the base of (A±, A3, A2, A4), their (4 x 4) 
squared-mass matrix takes the form: 
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M 2 4A 



9_ 
4 



^ —w' 2 —w'w u'w' u'w ^ 



-w uw uw 



-u —uu 



-u 



(101) 



To obtain eigenvalues and eigenstates, we change the basis to such (A[, A' 2 , A' 3 , A' 4 



as 



A l = spAx - c p A 3 , A' 3 = cpAx + spA 3 , 
A' 2 = spA-z - cpA 4 , A' 4 = cpA 2 + spA 4 , 



where 



w 



w' 



(102) 



(103) 



Combining this with the relation (1421) . we have also 



w 
w' 



u 



(104) 



In the new basis (A[, A 3 , A 2 , A 4 ), the squared-mass matrix fllOip can be rewrit- 
ten as 



M 2 --i- 
m aa , — — 



I o 

— w 2 — w' 2 wu + w'u' 

V wu + w'u' — u 2 — u' 2 J 



(105) 



We see that A[ and A' 2 are Goldstone bosons, whereas the remaining states 
A' 3 and A' 4 are mixing. Diagonalizing the later, we obtain another Goldstone 
boson ip a and one massive state 4>a 



(p A = s e A' 3 + c e A' 4} (f) A = c e A' 3 - s e A' 4 . 
The mass of <pA is given by 



(106) 



m 2 A = ^(l + t 2 )(w 2 + w' 2 )=m 2 x . 



(107) 
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The above equation shows that the Higgs and gauge bosons have the same 
mass. 



Now we turn to the scalar sector. In this sector, six particles are mixing in 
terms of an 6 x 6 squared-mass matrix. In the base of (Si, S2, S3, S4, S5, Sq), 
this matrix is given by 



m Sll m S12 m S13 m 514 m S15 m 516 



mt 



522 m 523 " b S24: " b S25 



mt 



mt 



rn 



526 



Mis 



mt 



s:;3 m 534 "^535 "^536 

2 2 2 

m 544 m 545 m 546 



mt 



mt 



(108) 



2 2 
m 555 m 556 



ni 



566 / 



where the matrix elements are given in the Appendix. 

To study physical eigenvalues and eigenstates of f ll08j) . we change the basis to 
such (S[, S' 2 , S 3 , 5*4, S' 5 , S'q) as 



(sA 


U 


-eg 














\ 




s 2 


c e 


se 
















S'2 


s 3 








se 


-c e 










S' 3 










ce 


se 










5*4 


s 5 














v' 

\/ v 2 -\-v' 2 


— V 
y / V 2 +v' 2 






\s 6 ) 


U 











V 

\J v 2 +v' 2 


v' 

v / v 2 +v' 2 


) 





(109) 



In the new basis (S[, S' 3 , S' 6 , S' 2 , S'^, S' 5 ) , the matrix (11081) becomes 



Ml s , 



Mj sl 







Ml s , 



V 



(110) 



Oy 

We see that the mass spectrum contains one massless particle S' 5 . The subma- 
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trices of (S' 2 , S' 4 ) and (S[, S' 3 , S' 6 ) are decoupled and, respectively, given by 



Ml s , = 9 -{l + i 2 d ) 



w 



—WW w 



WW 
2 



(111) 



Ml s , 



lSg 2 +g'- 
54e 2 



2 i „/2 



it; 



54cf W ™ 
189 2 +9' 2 W >2 



54c 



, g 2 (9g 2 +2g' 2 ) 
54c s 

g 2 (9g 2 +2g' 2 ) 
54c e 



V /2 W 



\Jv 2 + r'-tr 



,'2„„' 



V 



2 +2g' : 
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(t; 2 + ?/ 2 ) y 



The matrix (11 111) gives us one massless field 
^s 24 = + c^, 



;ii2) 



(113) 



and another massive 

0524 = — S /3'5'4 



(114) 



with the mass: 



m 



</>So 



■(l + t^)K + w /2 ) =m^. 



(115) 



Let us note that 0a and 0s 24 have the same mass, which can be combined 
to become a physical neutral complex field H x = (0s 24 + i<j> a) /y2 with mass 
equal to mx of the neutral non-Hermitian gauge boson X°. 

To obtain the physical fields in M$ s ,, we use the following transformation: 



°la 



S' 



•°)0 



\^6a J 



C/3 Sp 

-sp cp 
1 



(116) 



In the new basis (S' la , S' 3a , S' 6a ), the matrix (j!12p becomes 







\ 



mha 



-m 



36a 



mi 



(117) 



where 
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2 18g 2 + g' 2 , 2 , 2 , 2 9# 2 + 2#' 2 , 2 m 

g 2 (9g 2 + 2^ ,2 ) v /(t; 2 + t;' 2 )(w 2 + w /2 ) 
54c 



to 



36a 



The field is physical and massless. The submatrix of (S' 3a , S' 6a ) is decoupled, 
and therefore the diagonalization yields the eigenvalues 



to 



to 



2 



in 



33(1 



+ ™66a ~ (™33a - ™l%af + ^A%a 



in 



33a 



+ ™66a + 



^33a - m 2 maf + 4m| 6a 



with the respective eigenstates 

¥S aS6 = S a S' 3 + C a S 6 , 05 a36 — c aS' 3 — S a S 6 , 



(118) 



(119) 



where 

ha 



-2«4a 



m, 



66a 



to 



33a 



(120) 



Finally, we consider the mass spectrum of charged Higgs bosons. In the base 
of (x + , X + ' i Pi j pti Pi ' i pf) j the squared-mass matrix can be written as 



/ 2 
' mi. 



M 2 = — 

^charged j 



x+ m x"x+' 


uv 


VW 


—uv' 


— v'w 


m l-'x + 


—vv! 


—w'v 


v'u' 


v'w' 




2 

171- + 
Pi Pi 


o 

to _ + 

Pl P2 


—vv' 









2 

—771- + 

P2 pZ 





—vv' 



m 2 -, +, m 2 -, +, 

Pl Pl Pl P2 

m 2 -, +, 

P 2 Pi 



(121) 



where 



771 

rn 
to 
to 



2 

X~X+ 
2 

Pipi 

2 

P^pJ 
2 

P2P2 



21 1 2/ 1 / 2 

2 2/ i 2/ 
U — U + V , 



.2/\ 



m 



X~X~ t 



m x-'x+' 



-WW 
.2 /„,2 



«« 
2/\ 



2 1 2 / 2 2/\ 
ti + IU — (l> -« ), 



/ / 2 /2 2 1 2 2 

= UW — UW , m /-,+ =« — M+f, TO -/ +/ = 
' Pi Pi ' Pi P2 



-TO - +, 
Pi P2 ' 



2 21 , 21 

W — W + V , 



TO -/ +/ 

P 2 P2 



2/ 2,2 
"U7 — W + V . 



(122) 
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To diagonalize the matrix f)12ip . we choose a new basis as follows 



o 



1+ 




Oi 



Pi 
pi 



f p'ia 



o 1 



p't 

P2 + 



with 



= 








1 -c e s e \ 




v c /3 


S /3 / 




K S 6 Co J 



(123) 



In the base of (xt , x'a, Pia, pL, Pit, p£)> the matrix flEp becomes 



( m lxx m li2 m 2 aU m 2 aW \ 



r a&charged 



9_ 
4 



<22 

„,/2 n 



m 



a44 





-vv' 

-W 
2 



V 



(124) 



m a66 / 



where 



m 2 a22 = c w (t 2 - l) v' 2 + (l + 4) (l + t 2 e ) w' 2 , 

™a66 = - - l) (*J + l) + V 2 , ty = (125) 

Since the block intersected by the third, fifth rows and columns is decoupled, 
it can be diagonalized and this yields two eigenvalues as follows 

ml t = ^(v 2 + v' 2 )=m 2 w , (126) 

m 2 +=0. (127) 

Here the Goldstone boson and Higgs boson gf are, respectively, defined by 
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g+ = c 7 p+ - S 7 p' 1 +, Q$ = S^pta + C 7 pi+ (128) 

Equation (11261) shows that one charged Higgs boson has the mass equal to 
those of W boson, i. e. m e ± = mw±, this result is in agreement with the 
experimental current limit m#± > 79.3 GeV, CL = 95% |24j. 

The remaining part of (xt > Xa + 5 ptai P2a) i s still mixing in terms of an 4 x 4 
submatrix of (I124p . Under the constraints ffTBI) we will split this matrix into 
two terms, 



^aicharged ~ ^bicharged + ^cichargedi (129) 

satisfying the condition: \M 2 Acharged \ <C \M 2 4charged \. In this case, the first ma- 
trix chosen consists of elements of the leading-order terms in w 2 or w' 2 of 
M a4chargedi while ^charged contains the remaining terms. The matrix M 2 a4charged 
can therefore be diagonalized with the contribution of M 2 4charged considered 
as a perturbation. The eigenvalues and eigenstates are, respectively, obtained 
up to the first order contributions as follows 



2 2 2 2 

•m 2 — Lm 2 f + — -x + _ m al2 „ /+ _ m al4 „+ _ m al6 /+ 

<T + ~~ /i m all5 S>1 — Aa ~2 Aa ~2 Pa2 ~2 Pa2) 

<>2 ^3 Q 

2^2 a+ /+ i m al2 + 

m C,+ = T m "2 2) C 2 = Aa + Xa , 

^2 4 

2 _ 9 2 2 /-+ _ + m al4 + ^ '+ 

- 7^4, C 3 = P2a + ^Xa ~ ~2 _ ~2 Pa2, 

2 2 / 

<+ = j"&6, C 4 + = p£ + S^X a + + ~ 2 (130) 

<>3 ^3 M 

Here we have denoted 



m^ + = (l + tj) w' 2 , 

m 2 + = -m 2 + = (tj - l) (i 2 + l) u/ 2 . (131) 
If we control parameters by the condition below 

£=(fj-l)($ + l). (132) 

then = 0. Therefore, in the mass spectrum of charged Higgs, we have two 

4 

zero eigenvalues which correspond to four Goldstone bosons, namely £ 4 , g 2 ■ 
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Finally, let us summarize the physical fields of the scalar sector in the model. 
There are eight neutral massless particles: five pseudoscalars A 5 , A 6 , A[, A' 2 , 
Pa, and three scalars S' 5 , y?,s 24 , S'ia- There are one complex neutral Higgs H x 
with mass equal to the mass mx of the neutral non-Hermitian gauge boson 
X, and two massive scalars (ps a36 i 'Psaza- There are two charged massless scalar 
fields gf an d Qi , and four massive charged bosons gf, £1 > (21 C3 ■ The first 
charged Higgs boson has a mass equal to those of W boson: m ± = mw- 



7 Conclusions 

In this paper, we have constructed a supersymmetric version of the economical 
3-3-1 model of Refs. p[9lfT0] which includes right-handed neutrinos with the 
minimal scalar sector. The Higgs sector was in detail studied: the eigenvalues 
and physical states were derived. The constraint equations and the gauge bo- 
son identification establish a relation between the vacuum expectation values 
at the top and bottom elements of the Higgs triplet x an d its supersymmetric 
counterpart \' ■ Because of this relation, the exact diagonalization of neutral 
gauge boson sector has been performed. The gauge bosons and their associated 
Goldstone ones are mixing in the same way as in non-supersymmetric version. 
The matrix of neutral gauge boson mixing is separated into two parts and 
one of them is those in the non-supersymmetric version. There is similarity 
in the gauge boson mixing in both supersymmetric and non-supersymmetric 
versions. This is also correct in the case of gauginos. 

The model contains a heavy neutral complex scalar with mass equal to those 
of the neutral non-Hermitian gauge boson X° and a charged scalar with mass 
equal to those of the W boson in the standard model, i.e. mu x = mx, rn e + = 
m w . This value is in good agreement with the present bound |24J m H ± > 79.3 
GeV, CL= 95 %. We have also shown that the boson sector and the fermion 
sector get masses in the same way as in the non-supersymmetric case. We 
have shown that the usual quarks have masses proportional to VEVs of the 
neutral scalars which belong to doublets while the exotic quarks and new 
gauge bosons gain masses of order of VEVs of the scalar of the singlets of the 
standard model group. The usual quarks have masses proportional to VEVs of 
the neutral scalars which belong to doublets of the standard model - v p , v Xl ,v p > 
and v x ^, while the exotic quarks and new gauge bosons gain masses of order 
of VEVs v X2 and v x > of the scalars which break the 3-3-1 symmetry down to 
the standard model, in the other words, the scalar of the singlets of the above 
group. As in non-supersymmetric version, at the tree level, one up-quark and 
two down-quarks are massless. However, the one-loop correction will give all 
of them consistent masses. 

It is known that the economical (non-supersymmetric) 3-3-1 model does not 
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furnish the candidate for self-interacting dark matter. With a larger content of 
the scalar sector, the supersymmetric version is expected to have the candidate 
for SIDM. The preliminary analysis leads us to conclusion that one neutral 
scalar contains the properties of SIDM like stability, neutrality and the Uni- 
verse's overpopulationless. Hence, in contrast with the non-supersymmetric 
version, the considered model contains the scalar satisfying the properties of 
SIDM. We will return to this topic in the future study. 

Due to the minimal content of the scalar sector, the significant number of free 
parameters is reduced. In this model, the lepton number violation exists in 
the neutrino and exotic quark sectors. Certainly, the model contains very rich 
phenomenology and it deserves further studies. 
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The mass matrix elements for scalar neutral Higgs bosons 



2 9 12 i 1 f-t o 2 i I2\ 2 2 9 I I i / i o 2 i 2/\ 

m 5ii = y w + 27 C 18 ^ J M ' m 5i2 = + 77 (1% + y J uw, 

„2 i „2 i 

2 i/ / 1 /i o 2 i 2/\ / 2 i/ / 1 / 10 2 i 2/\ / 

m si3 = ~Y WW ~ 27 \ 9 +9 ) UU ' msu = ~2 UW ~ 27 \ 9 9 ) UW 
™ 2 si 5 = ~ i^9 2 ' + 9g 2 ) uv, m| 16 = £ (2(? 2/ + % 2 ) W 

a 2 1 o 2 1 

™| 22 = y^ 2 + 27 ( 18 ^ 2 + 9 2 ') ™ 2 , m| 23 = - - (l8(? 2 + ^ 2/ ) u'w 

™ 2 S 24 = -juu' - ± (l8g 2 + g 2 ') ww', m| 25 = - 9 — (9g 2 + 2g 2 ') wv 
™ 2 S26 = 7fi (V + 9/) W, m| 33 = 1 («? 2 ' + 18^ 2 ) u' 2 + |^ 2 
™k = ^ (y 2 ' + 18y 2 ) «V - 9 ^uw, m| 35 = |^ (2g 2 ' + 9<? 2 ) u'u 
= ~Y 7 I 2 /' + 9/) Wv', m| 44 = 1 + 18^) w' 2 + ^ M 2 
™| 45 = ( 2 ^ 2 ' + 9 9 2 ) vw', ml, = - 9 - (2g 2 ' + 9g 2 ) w'v' 
™| 55 = 27 fa* + 9 ^ 2 ) m 556 = (2y 2 ' + 9 y 2 ) W 

™S68 = ^ (2y 2/ + % 2 ) v". 
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